Abstract. We prove bijectively that the total number of cycles of all even permutations of [n] = {1, 2, . . . , n} and the total number of cycles of all odd permutations of [n] differ by (−1) n (n − 2)!, which was stated as an open problem by Miklós Bóna. We also prove bijectively the following more general identity:
Introduction
Let c(n, i) denote the number of permutations of [n] = {1, 2, . . . , n} with i cycles. The following equation is well known; for example see [1, 3] :
c(n, i)x i = x(x + 1) · · · (x + n − 1).
Let n and k be positive integers with k < n. By differentiating (1) with respect to x and substituting x = −k, we get the following:
In particular, if k = 1, then (2) implies the following theorem.
Theorem 1. The total number of cycles of all even permutations of [n] and the total number of cycles of all odd permutations of [n] differ by (−1)
The problem of finding a bijective proof of Theorem 1 was proposed by Miklós Bóna and it has been added to [2] as an exercise (private communication with Richard Stanley and Miklós Bóna). In this note, we prove Theorem 1 bijectively by finding a sign-reversing involution. We also prove (2) bijectively.
Bijective proofs
Recall the lexicographic order on the pairs of integers, that is, (i 1 , j 1 ) ≤ (i 2 , j 2 ) if and only if i 1 < i 2 , or i 1 = i 2 and j 1 ≤ j 2 . Note that this is a linear order.
Let T (n) denote the set of pairs (π, C) where π is a permutation of [n] and C is a cycle of π. Then Theorem 1 is equivalent to the following:
The author is supported by the grant ANR08-JCJC-0011.
Proof of Theorem 1. We define a map φ : T (n) → T (n) as follows. Let (π, C) ∈ T (n). Case 1: C contains at most n − 2 integers. Let (i, j) be the smallest pair in lexicographic order for distinct integers i and j which are not contained in C. Then we define φ(π, C) = (τ ij π, C), where τ ij is the transposition exchanging i and j.
Case 2: C contains at least n−1 integers. If C does not contain 1, then we define φ(π, C) = (π, C). If C contains 1, then we have either π = (a 0 )(1, a 1 , a 2 , . . . , a n−2 ) or π = (1, a 0 , a 1 , . . . , a n−2 ) in cycle notation for some integers a i . Let π ′ = (1, a 0 , a 1 , . . . , a n−2 ) if π = (a 0 )(1, a 1 , a 2 , . . . , a n−2 ), and
Let us define the sign of (π, C) ∈ T (n) to be sign(π). It is easy to see that φ is a sign-reversing involution on T (n) whose fixed points are precisely those (π, C) ∈ T (n) such that 1 forms a 1-cycle and the rest of the integers form an (n − 1)-cycle, which is C. Since there are (n − 2)! such fixed points of φ which all have sign (−1)
n , we get (3), and thus Theorem 1. Now we will generalize this argument to prove (2). Let P (n, k) denote the set of triples (π, C, f ) where π is a permutation of [n], C is a cycle of π and f is a function from the set of cycles of π except C to [k] . The left-hand side of (2) is equal to
because sign(π) = (−1) n−cyc(π) and for given (π, C) ∈ T (n), there are k
choices of f with (π, C, f ) ∈ P (n, k). Thus we get that (2) is equivalent to the following:
Let us define the sign of (π, C, f ) ∈ P (n, k) to be sign(π). Let Fix(n, k) denote the set of elements (π, C, f ) ∈ P (n, k) such that (1) each integer i ∈ [k] forms a 1-cycle of π and the integers k + 1, k + 2, . . . , n form an (n − k)-cycle of π, which is C and (2) the f values of the cycles of π except C are all distinct. Then, to prove (4), it is sufficient to find a sign-reversing involution on P (n, k) whose fixed point set is Fix(n, k).
We will define a map ψ : P (n, k) → P (n, k) as follows. Let (π, C, f ) ∈ P (n, k). Case 1: There is a pair (i, j) of integers i < j such that i ∈ C 1 = C and j ∈ C 2 = C with f (C 1 ) = f (C 2 ). Here we may have C 1 = C 2 . Let (i, j) be the smallest such pair in lexicographic order. Then we define ψ(π, C, f ) = (τ ij π, C, f ′ ), where
As before, τ ij is the transposition exchanging i and j. (1)(4)(6)(7)(9)(11), C = (2, 3, 5, 10, 8), f (1) = 2, f (4) = 6, f (6) = 4, f (7) = 7, f (9) = 8 and f (11) = 1. Let D ′ be the digraph obtained from D by doing the following. If m is free, then let u, v be the integers in C such that D has the edges v → u and u → m. It is not difficult to see that in this case C has at least two integers, which implies u = m. Then we remove the edge v → u and add an edge v → m. If m is not free, then let u and v be the integers with u ∈ C and v ∈ C such that D has the edges u → m and v → m. Then we remove the edge v → m and add an edge v → u.
We define ψ(π, C, f ) to be the element in P (n, k) represented by D ′ .
